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A semi-analytical approach to the elastic nonlinear stability analysis of rectangular plates is
developed. Arbitrary boundary conditions and general out-of-plane and in-plane loads are
considered. The geometrically nonlinear formulation for the elastic rectangular plate is
derived using the thin plate theory with the nonlinear von Kármán strains and the varia-
tional multi-term extended Kantorovich method. Emphasis is placed on the effect of desta-
bilizing loads and on the derivation of the solution methodologies required for tracking a
highly nonlinear equilibrium path, namely: parameter continuation and arc-length contin-
uation procedures. These procedures, which are commonly used for the solution of discret-
ized structural systems governed by nonlinear algebraic equations, are augmented and
generalized for the direct application to the PDE. The boundary value problem that results
from the arc-length continuation scheme and consists of coupled differential, integral, and
algebraic equations is re-formulated in a form that allows the use of standard numerical
BVP solvers. The performance of the continuation procedures and the convergence of the
multi-term extended Kantorovich method are examined through the solution of the
two-dimensional Bratu–Gelfand benchmark problem. The applicability of the proposed
approach to the tracking of the nonlinear equilibrium path in the post-buckling range is
demonstrated through numerical examples of rectangular plates with various boundary
conditions.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Plates are widely used in a broad range of engineering applications and particularly in aeronautical, mechanical, marine,
and civil engineering. Typically, the thickness dimension of the plate is much smaller than its planner dimensions yielding a
‘‘thin-walled” type of structure. In cases the plate is subjected to in-plane loading, it exhibits a range of physical effects that
are associated with the stability of the structure. The quantiﬁcation of these effects and especially the quantiﬁcation of the
structural behavior of the plate under destabilizing in-plane loads are important for the reliable design and safe use of the
structure. To achieve this, a geometrically nonlinear type of analysis along with adequate continuation procedures that allow
tracking the equilibrium path and the structural response in the deep nonlinear range has to be adopted.
In general, closed-form exact solution for the nonlinear problem of rectangular plates does not exist. Alternatively,
numerical methods, and mainly the ﬁnite element method, offer reasonable and widely accepted solutions. However, the
veriﬁcation of such methods, as well as the development of new numerical and computational methods, requires an analyt-. All rights reserved.
: +972 4829569.
osh@techunix.technion.ac.il (M. Eisenberger).
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behavior of the plate structure. Finally, analytical or semi analytical solutions often provide an effective tool for the prelimin-
ary design of such structural components. In the light of that, the development of general semi-analytical methods for the
nonlinear analysis of plates with arbitrary boundary and loading conditions deﬁnes an important challenge that has to be
faced.
A comprehensive review of the solutions for the geometrically nonlinear analysis of plates was presented in monograph
of Chia (1980). The most common semi-analytical methods such as double Fourier series method, the Galerkin method, Ray-
leigh–Ritz method, and the perturbation method, were discussed. It was also shown that the applicability of each method
depends on the type of the problem at hand, i.e. the selection of the method depends on the boundary conditions, the applied
loads, the mechanical properties, and the geometry. A more universal semi-analytical approach to the nonlinear analysis of
plates undergoing large deformations was proposed by Shufrin et al. (2008b). The multi-term extended Kantorovich method
(MTEKM), which was used previously for linear analysis of rectangular plates (e.g. Eisenberger and Shufrin, 2007; Shufrin
et al., 2008a), was extended to the geometrically nonlinear analysis of laminated composite plates with arbitrary boundary
conditions under general out-of-plane loads. In this approach, the solution of the plate problem is assumed as sum of prod-
ucts of functions in one direction and functions in the other direction. Then, assuming the functions in the one direction the
nonlinear partial differential equations of the plate problem is reduced to a system of nonlinear ordinary differential equa-
tions. The resulting one-dimensional solution serves as a starting point for an iterative procedure, in which the solution ob-
tained in one direction is used as the assumed functions in the second direction. Due to the iterative procedure, the solution
does not depend on the initial assumption, which may be poor and may not satisfy any of the boundary conditions. At the
same time, the approach was limited to the nonlinear large deﬂection analysis of plates under out-of-plane loads only, and
the destabilizing effect of the applied in-plane loads was not considered.
In general, due to ability of plates to resist load after buckling occurs, the nonlinear analysis of plates subjected to combined
out-of-plane anddestabilizing in-plane loads is essentially different fromthenonlinear largedeﬂection analysis of platesunder
out-of-plane loading only. In both cases, the nonlinear relation between the applied loads and the resulting response is de-
scribed by the nonlinear equilibrium path. Yet, in the former case studied in Shufrin et al. (2008b) this path is monotonic with
a monotonically increasing positive slope. On the other hand, under the inﬂuence of the destabilizing loads, the equilibrium
pathmay have turning points and folds designating a snap-through, snap-back, andmode-jump types of behavior. The nature
of these points requires different computational approaches for their detection and to advance the pertinent solutionmethods.
Several types of critical points along the highly nonlinear equilibrium path can be designated. A point along the equilib-
rium path where the tangent is normal to the load axis is referred to as a limit point. Such limit point describes a snap-
through behavior and it cannot be passed using a common load control continuation algorithm. A point where the slope
of the equilibrium path is parallel to the load axis characterizes a snap-back behavior, which is an obstacle for the displace-
ment controlled continuation scheme (e.g. Keller, 1977; Crisﬁeld, 1997; Doedel, 2007). A bifurcation point represents the
branching of equilibrium curves, which are often referred to as stable and unstable equilibrium paths. Buckling of perfect
plates is associated with the primary bifurcation points. At the same time, secondary bifurcation points may appear through-
out post-buckling response of a plate. These remote bifurcations along with a sensitivity analysis of imperfect plates were
deeply studied in Sophianopoulos (2007). Conditions for existence of the secondary bifurcations were examined using a
2-degree of freedom simple model. The post-buckling bifurcation behavior of rectangular plates was also analyzed through
the Catastrophe Theory approach. It was shown that the presence of an arbitrary imperfection causes the transformation of
all critical points to limit point ones. Due to lack of direct (parameter) continuation methods passing such points, the full
nonlinear stability analysis of plates has to be combined with an appropriate continuation scheme that will allow tracking
of the nonlinear and non-monotonic paths. This demand, which was not addressed in Shufrin et al. (2008b), designates a
more complicated problem to be considered.
A number of semi-analytical and numerical methods were applied to the elastic nonlinear stability analysis of rectangular
plates under combined out-of-plane and in-plane loads. Correspondingly, various procedures for the equilibrium path track-
ing were developed. Stein (1959) applied the perturbation technique along with a double Fourier series expansion to the
solution of a simply supported compressed plate. The continuation in terms of a load parameter was achieved using direct
iterations. Zhang et al. (2000) used a similar approach for the analysis of laminated shear deformable plates under compres-
sion. The ﬁnite strip method was used for the post-buckling analysis of laminated composite plates in Dawe and Wang
(1998), Lam and Zou (2000), and Ovesy and GhannadPour (2006). The resulting nonlinear algebraic equations were solved
using the Newton–Raphson algorithm under displacement control in Dawe and Wang (1998) and Lam and Zou (2000), and
under load control in Ovesy and GhannadPour (2006). The Galerkin method with a trigonometric series was used for the sta-
bility analysis of simply supported plates in Audoly et al. (2002), Ilanko (2002), and Chen and Yu (2006). Load increments
were applied in Audoly et al. (2002) for the analysis of bi-directionally compressed isotropic plates. The Newton–Raphson
method under load control was used for the stability analysis of isotropic plates under uni-directional compression in Ilanko
(2002) and laminated plates under bi-directionally compression in Chen and Yu (2006). The modiﬁed Newton method was
applied to trace the equilibrium path of a compressed rectangular plate with clamped edges in Chien et al. (2001). The solu-
tion was obtained using Block Generalized Minimum Residual method (BGMRES). Levy’s method was used for the stability
analysis of isotropic plates in Everall and Hunt (1999). The nonlinear equilibrium path was presented using the parametric
space of ‘‘Arnold tongues”, which was adopted from nonlinear dynamic analysis. The Chebyshev polynomial discretization
method was used for the stability analysis of shear deformable laminated plates in Shukla et al. (2005). A load control pro-
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analysis of shear deformable laminated plates was presented in Liew et al. (2006). In this case, the parameter continuation
and the arc-length continuation procedures were used for the solution of the resulting nonlinear algebraic equations. The
Rayleigh–Ritz method in conjunction with the perturbation technique was used for the local and global post-buckling anal-
ysis of stiffened rectangular plates in Byklum and Amdahl (2002) and Brubak and Hellesland (2007). Taking advantage of this
formulation, a mixed load–displacement control procedure was developed to allow the continuation through limit and turn-
ing points on the equilibrium path. Various types of continuation algorithms were developed based on the ﬁnite element
method. The Newton–Raphson method (Tiwari and Hyer, 2002), the classical arc-length continuation (Riks et al., 1996; Cris-
ﬁeld, 1997; Cerini and Falzon, 2005), predictor–corrector procedures with a constraint of minimum distance between the
predictor point and the equilibrium path (Lopez, 2001), normal ﬂow algorithms (Ragon et al., 2002), and continuation based
on a dynamic approach (Chen and Virgin, 2006) were proposed for tracking the equilibrium path.
In all the studies surveyed above, as well as in many others, the continuations methods were applied to a discretized
(algebraic) system of equations. On the other hand, the application of the multi-term extended Kantorovich method
(MTEKM) to the general nonlinear problem requires continuation procedures that can be directly applied to a system of par-
tial differential equations. The development of such continuation methods is addressed here.
The objective of this paper is to extend the multi-term extended Kantorovich method (MTEKM) to the nonlinear analysis
of rectangular plates with arbitrary boundary conditions subjected to a general combination of out-of-plate and in-plane
loads including destabilizing ones. To achieve this goal, a parameter continuation and a pseudo-arc-length continuation pro-
cedures are developed. The classical thin plate theory with the nonlinear von Kármán strains is adopted for the nonlinear
plate model. The emphasis is placed on the nonlinear analysis of plates with imperfections subjected to in-plane loads.
The imperfection is initiated by the presence of the out-of-plane loads. The formulation of MTEKM is based on the variational
principle of virtual work. The continuation schemes are then derived in terms of the unknown functions of two variables. For
veriﬁcation of the continuation procedures, the two-dimensional Bratu–Gelfand problem, which is a classical benchmark
problem for continuation methods (Glowinski et al., 1985), is solved ﬁrst. The applicability of the method to the nonlinear
stability analysis of plates is demonstrated through numerical examples of rectangular plates with various boundary condi-
tions subjected to out-of-plane and in-plane loads.
2. Geometrically nonlinear analysis of rectangular plates
2.1. Variational formulation of the plate model
Consider a thin rectangular orthotropic plate of planer dimensions Lx and Ly and a constant thickness h. The plate has gen-
eral out-of-plane and in-plane boundary conditions and it is subjected to a general distribution of out-of-plane and in-planex
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Fig. 1. Loads, geometry, and coordinate system.
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y plane coincides with the middle plane of the plate and the z-axis is measured upwards. In the subsequent derivations, bold
letters denote a vector and (),i denotes a partial derivative with respect to the coordinates i (i = x,y,z). The out-of-plane
boundary conditions include three cases namely: simply supported (S), clamped (C), and free (F) edges. The four possible
combinations of in-plane restraints are shown in Fig. 2, and they are designated with a subscript that corresponds to the
cases shown in Fig. 2. For example, the symbol S1S2C3F4 designates a plate with a simply supported (out of plane) edge
and with the ﬁrst type of in-plane restraints at x = 0, a simply supported edge with the second type of in-plane restrains
at x = Lx, a fully clamped edge at y = 0, and a fully free edge at y = Ly. In case the in-plane displacements at the edge are
not restrained, the plate can be subjected to a general distribution of external loads. A particular case is the free edge where
the external load equals zero.
According to the classical thin plate theory, the displacement ﬁeld is~uðx; y; zÞ ¼ uoðx; yÞ  zwo;xðx; yÞ;
~vðx; y; zÞ ¼ voðx; yÞ  zwo;yðx; yÞ;
~wðx; y; zÞ ¼ woðx; yÞ
ð1Þwhere ð~u; ~v; ~wÞ are displacement components along the (x,y,z) coordinate axes respectively, and (uo,vo,wo) are the displace-
ments of a point on the middle plane of the plate. The membrane strains (exx,eyy,cxy) and the curvatures (vxx,vyy,vxy) follow
the von Kármán nonlinear plate theory (Chia, 1980) as follows:exx ¼ uo;x þ 12w
2
o;x; ð2aÞ
eyy ¼ vo;y þ 12w
2
o;y; ð2bÞ
cxy ¼ vo;x þ uo;y þwo;xwo;y; ð2cÞ
vxx ¼ wo;xx; ð2dÞ
vyy ¼ wo;yy; ð2eÞ
vxy ¼ 2wo;xy; ð2fÞThe variational principle of virtual work requires that the ﬁrst variation of the total potential energy vanishesdP ¼ dU þ dV ¼ 0; ð3Þ
where U is the strain energy, V is the potential of the external loads, and P is the total potential energy of the plate. The ﬁrst
variation of the strain energy, dU is deﬁned as follows:dU ¼
Z Lx
0
Z Ly
0
ðMxxdvxx þMyydvyy þMxydvxy þ Nxxdexx þ Nyydeyy þ NxydcxyÞdxdy; ð4ÞwhereMxx,Myy andMxy are the internal bending and twisting moments and Nxx, Nyy and Nxy are the internal normal and shear
stress resultant.
The ﬁrst variation of the potential of the external loads, dV, isx,u
y,v
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Fig. 2. In-plane boundary conditions.
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Z Lx
0
ððk5Pxyrduo þ k3PyyrdvoÞjy¼Ly  ðk6Pxylduo þ k4PyyldvoÞjy¼0Þdx;

Z Ly
0
ððk1Pxxrduo þ k7PyxrdvoÞjx¼Lx  ðk2Pxxlduo þ k8PyxldvoÞjx¼0Þdy
Z Lx
0
Z Ly
0
k9qðx; yÞdwo
ð5Þwhere Pxxl, Pxxr, Pyyl, Pyyr, Pxyr, Pxyl, Pyxl, and Pyxr are the distribution of external in-plane loads applied at the plate edges, q is the
distribution of the out-of-plane load, and ki (i = 1, . . . 9) are scalars that deﬁne the magnitudes of the applied out-of-plane and
in-plane loads (see Fig. 1). Note that the distribution functions are normalized to have a maximum value of 1. The ﬁrst var-
iation of the total energy of the plate, dP, isdP ¼
Z Lx
0
Z Ly
0
ðNxxduo;x þ Nxyduo;y þ Nxydvo;x þ Nyydvo;y
þ ðNxxwo;x þ Nxywo;yÞdwo;x þ ðNyywo;y þ Nxywo;xÞdwo;y
Mxxdwo;xx Myydwo;yy  2Mxydwo;xy  k9qðx; yÞdwoÞdxdyþ

Z Lx
0
ððk5Pxyrduo þ k3PyyrdvoÞjy¼Ly  ðk6Pxylduo þ k4PyyldvoÞjy¼0Þdx

Z Ly
0
ððk1Pxxrduo þ k7PyxrdvoÞjx¼Lx  ðk2Pxxlduo þ k8PyxldvoÞjx¼0Þdy ¼ 0:
ð6ÞIn the case of orthotropic plates, the constitutive relations read (Chia, 1980):Nxx ¼ A11exx þ A12eyy; ð7aÞ
Nyy ¼ A12exx þ A22eyy; ð7bÞ
Nxy ¼ A66cxy; ð7cÞ
Mxx ¼ D11vxx þ D12vyy; ð7dÞ
Myy ¼ D12vxx þ D22vyy; ð7eÞ
Mxy ¼ D66vxy; ð7fÞwhere Nxx, Nyy, and Nxy are normal and shear stress resultants, Mxx, Myy, and Mxy, are the bending and twisting moments, Aij,
Dij (ij = 11,12,22,66) are the membrane stiffnesses and bending stiffnesses of the orthotropic plate, respectively. Introducing
the constitutive relations, Eqs. (7a)–(7f), along with the deﬁnitions of the membrane strains (exx,eyy,cxy) and curvatures
(vxx,vyy,vxy), Eqs. (2a)–(2f), into the ﬁrst variation of the total energy, Eq. (6), yields a variational principle that is deﬁned
in terms of unknown displacements uo, vo, and wo. For brevity, this expression is not outlined here.
2.2. The multi-term extended Kantorovich method
The solution is assumed in the following form:uo ¼
XN
j¼1
ujðxÞUjðyÞ  ujUj; ð8aÞ
vo ¼
XN
j¼1
vjðxÞVjðyÞ  vjVj; ð8bÞ
wo ¼
XN
j¼1
wjðxÞWjðyÞ  wjWj; ð8cÞwhere uj, vj, and wj are functions of x only, Uj, Vj, andWj are functions of y only and N is the number of terms in the series. In
the subsequent derivation, the repeated index notation is used for the summation over the space of functions in the assumed
solution form, i.e. summation from 1 to N. In the extended Kantorovich method, the functions in the y-direction are ﬁrst as-
sumed as known. Thus, the variations duo, dvo, and dwo reduce toduo ¼ Uidui; ð9aÞ
dvo ¼ Vidvi; ð9bÞ
dwo ¼ Widwi: ð9cÞIt is assumed that the distribution of the external load is also represented as a sum of products of one-dimensional functions
as follows:qðx; yÞ ¼ qxkðxÞqykðyÞ: ð10Þ
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sired accuracy. It should also be noted that the number of terms used in the series expansion of the load does not affect the
number of terms in the representation of the unknowns. Therefore, it does not increase the required computations efforts.
Integration of the variational statement with respect to y, integration by parts with respect to x, and application of the
localization lemma of the variational calculus yield a system of nonlinear ordinary differential equations in terms of the un-
known functions of ui, vi and wi. The nonlinear ordinary differential equations are deﬁned as follows: A11Suuij uj;xx þ ðA66Su
Iv
ij  A12Suv
I
ij Þvj;x þ A66Su
IuI
ij uj  1=2A11Suwwijm ðwj;xwm;xÞ;x  1=2A12Suw
IwI
ijm ðwjwmÞ;x þ A66Su
IwwI
ijm wj;xwm
 k5PxyrðxÞUijy¼Ly þ k6PxylðxÞUijy¼0 ¼ 0; i ¼ 1; . . . ;N; ð11aÞ
 A66Svvij vj;xx þ ðA12Sv
Iu
ij  A66Svu
I
ij Þuj;x þ A22Sv
IvI
ij vj  A66Svww
I
ijm ðwj;xwmÞ;x þ 1=2A12Sv
Iww
ijm wj;xwm;x þ 1=2A22Sv
IwIwI
ijm wjwm
 k3PyyrðxÞVijy¼Ly þ k4PyylðxÞVijy¼0 ¼ 0; i ¼ 1 . . .N ð11bÞ
D11S
ww
ij wj;xxxx þ ðD12Sww
II
ij  4D66Sw
IwI
ij þ D12Sw
IIw
ij Þwj;xx þ D22Sw
IIwII
ij wj  A11Swuwijm uj;xxwm;x  A11Swuwijm uj;xwm;xx
þ ðA12Sw
IuwI
ijm  A66Swu
IwI
ijm Þuj;xwm þ A66ðSw
IuIw
ijm  Swu
IwI
ijm Þujwm;x  ðA66Swvw
I
ijm  A66Sw
Ivw
ijm þ A12Swv
Iw
ijm Þvj;xwm;x
 A12Swv
Iw
ijm vjwm;xx  A66Swvw
I
ijm vj;xxwm þ A22Sw
IvIwI
ijm vjwm þþ1=2A22Sw
IwIwIwI
ijmn wjwmwn þ ðA66 þ 1=2A12ÞSw
IwwwI
ijmn wj;xwm;xwn
 1=2A11Swwwwijmn ðwj;xwm;xwn;xÞ;x  ð1=2A12 þ A66ÞSwww
IwI
ijmn ðwj;xwmwnÞ;x  k9qxkðxÞ
Z Ly
0
qykðyÞWidy ¼ 0; i ¼ 1; . . . ;N;
ð11cÞand the 4N boundary conditions for areðA11uj;xSuuij þ A12vjSuv
I
ij þ 1=2A11wj;xwm;xSuwwijm þ 1=2A12wjwmSuw
IwI
ijm Þjx¼Lxx¼0 ¼
Z Ly
0
k1PxxrðyÞUidyjx¼Lx 
Z Ly
0
k2PxxlðyÞUi dyjx¼0
or
uijx¼Lxx¼0 ¼ u^ijx¼Lxx¼0 ; i ¼ 1; . . . ;N;
ð12aÞ
A66ðvj;xSvvij þ ujSvu
I
ij þwj;xwmSvww
I
ijm Þjx¼Lxx¼0 ¼
Z Ly
0
k7PyxrðyÞVidyjx¼Lx 
Z Ly
0
k8PyxlðyÞVidyjx¼0
or
vijx¼Lxx¼0 ¼ v^ijx¼Lxx¼0 ; i ¼ 1; . . . ;N;
ð12bÞ
Qxxi ¼ D11Swwij wj;xxx þ ð4D66Sw
IwI
ij  D12Sw
IwII
ij Þwj;x þ A66Swu
IwI
ijm ujwm þ A11Swuwijm uj;xwm;x þ A12Swv
Iw
ijm vjwm;x þ A66Swvw
I
ijm vj;xwm
þ ðA66 þ 1=2A12ÞSwww
IwI
ijmn wj;xwmwn þ 1=2A11Swwwwijmn wj;xwm;xwn;xÞjx¼Lxx¼0 ¼ 0
or
wijx¼Lxx¼0 ¼ w^ijx¼Lxx¼0 ; i ¼ 1; . . . ;N;
ð12cÞ
Mxxi ¼ ðD11Swwij wj;xx þ D12Sww
II
ij wjÞjx¼Lxx¼0 ¼ 0 or wi;xjx¼Lxx¼0 ¼ w^i;xjx¼Lxx¼0 ; i ¼ 1; . . . ;N; ð12dÞ
where u^i, v^i, w^i, and w^i;n are prescribed values, j,m,n,k are summation (dummy) indexes, S are coefﬁcients that are deﬁned as
integrals over the y-direction, and the roman superscripts label the order of the derivatives with respect to y. For exampleSuw
I
ij ¼
Z Ly
0
UiWj;y dy
Suv
IwII
ijm ¼
Z Ly
0
UiVj;yWm;yy dy
Sww
IwIw
ijmn ¼
Z Ly
0
WiWj;yWm;yWn dy:
ð12eÞFor a given set of load parameters ki, the system of equations (11a)–(11c) and the boundary conditions, Eqs. (12a)–(12d),
deﬁne a nonlinear boundary value problem. Once the equations are solved for ui, vi, and wi (i = 1, . . . ,N), the iterative proce-
dure of the extended Kantorovich method starts. In this procedure, the solution obtained for one direction is used as the
known functions for the solution in the second direction. These iterations are repeated until convergence is achieved. The
criterion of the convergence, e, is deﬁned by the relative integral difference between two successive steps as follows:
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R Lx
0
R Ly
0 ððuðn1Þo  uðnÞo Þ2 þ ðvðn1Þo  vðnÞo Þ2 þ ðwðn1Þo wðnÞo Þ2ÞdxdyR Lx
0
R Ly
0 ððuðn1Þo Þ2 þ ðvðn1Þo Þ2 þ ðwðn1Þo Þ2Þdxdy
; ð13Þwhere u(n1),v(n1),w(n1) and u(n),v(n),w(n) denote the solution after (n  1) -th and the n-th iterations, respectively.
3. Continuation procedures
In general, the nine load parameters, ki, require a multi-parameter continuation procedure for tracking of nonlinear equi-
librium paths. For simplicity, the discussion is limited to a single parameter continuation only. In this case, only one of the
parameters ki = k is controlled, whereas all other load parameters are kept constant. Alternatively, all nine parameters are
proportional to the single load parameter k. In the following sections, two types of continuation procedures are developed,
namely, the parameter continuation and the pseudo-arc-length continuation.
3.1. The parameter continuation procedure – the MTEKM application
The nonlinear response (path) of the plate under a single load factor (k) is described by a generalized set of nonlinear par-
tial differential equations that can be written in the following general form:Gðuoðx; y; kÞ; kÞ ¼ 0; ð14Þ
where k is a scalar (load parameter), G is a nonlinear operator, and uo = {uo,vo,wo} is a vector of unknown functions. Note that
in the subsequent derivations, the curly parenthesis designates a column vector.
In the parameter continuation procedure, the continuation along the equilibrium path is achieved in a series of incre-
ments. Each increment start from a known solution ðuð0Þo ; kð0ÞÞ that satisﬁes Eq. (14). The increments are controlled through
the parameter k. Thus, in each increment, k is speciﬁed and uo that corresponds to k (i.e. they jointly satisfy Eq. (14)) is solved
for. Each incremental step consists of a predictor stage and a corrector stage. During the predictor stage, an assumption of the
next solution point is made. In the corrector stage, this assumption is used as an ‘‘initial guess” for the solution of Eq. (14).
Since k is speciﬁed, the procedure discussed in Section 2 (and illustrated in Shufrin et al. (2008b)) can be directly applied. On
the other hand, the formulation of the predictor stage in conjunction with the MTEKM requires a special consideration.
Let the solution of Eq. (14) corresponding to k(0) be uð0Þo . Also, suppose that the direction vector of the equilibrium path at
k(0) is known and it equals fuð0Þo;k ;1g. Fig. 3 shows a graphical interpretation of the parameter continuation scheme in the vec-
tor space, which is used to illustrate the procedure discussed here in terms of functions. To ﬁnd a solution at k = k(0) +Dk
through the parameter continuation scheme, the initial assumption (predictor) is generated using a Taylor series expansion
(see Crisﬁeld (1997) and Doedel (2007)). The expansion of the solution at the known generalized point ðuð0Þo ; kð0ÞÞ readsuo  uð0Þo þ uð0Þo;kDkþ
1
2
uð0Þo;kkDk
2 þ    ; ð15Þwhere uo, k(0) is the ﬁrst derivative of the vector of unknown functions with respect to k. In the extended Kantorovich method,
each unknown is expressed in a separable form (see Eqs. (8a)–(8c)). Using the index notation, the three unknowns readuomðx; y; kÞ ¼ umiðx; kÞUmiðy; kÞ; m ¼ 1; . . . ;3 no sum; i ¼ 1; . . . ;N; ð16Þ.
u0
λ
u0u0
(0)
λ(0)
λ
Δu0
(u0,λ(0), 1)
Δλ
u0
−
Fig. 3. Graphical illustration of the parameter continuation.
2082 I. Shufrin et al. / International Journal of Solids and Structures 46 (2009) 2075–2092where uo1(x,y) = uo(x,y), uo2(x,y) = vo(x,y), and uo3(x,y) = wo(x,y). The application of the MTEKM reduced a solution of the PDE
of Eq. (14) to a sequential solution of two ordinary boundary value problems (BVP), one for each direction (see Section 2). For
the solution in the x direction (i.e. the functions of y are assumed and the functions of x are solved for) the ordinary BVP is
generally given byGxðumiðxÞ; kÞ ¼ 0; m ¼ 1; . . . ;3; i ¼ 1; . . . ;N; ð17aÞ
For the solution in the y direction (functions of x assumed, functions of y solved for) the ordinary BVP readsGyðUmiðyÞ; kÞ ¼ 0; m ¼ 1; . . . ;3; i ¼ 1; . . . ;N: ð17bÞ
Note that the ordinary nonlinear differential operators consist both the nonlinear ordinary differential equations and the
boundary conditions. For example, Gx, consists of Eqs. (11a)–(11c) and the boundary conditions, Eqs. (12a)–(12d). Each oper-
ator is further reduced to a form of 8N ordinary nonlinear ﬁrst order equations in terms of 8N unknown functions that stand
for displacements and their derivatives, and 8N boundary conditions.
Introducing the assumed separable solution, Eq. (16), into Eq. (15) yields the following approximation for the assumed
displacements (predictor):uom  ðuð0Þmi þ uð0Þmi;kDkÞðUð0Þmj þ Uð0Þmj;kDkÞ þ
1
2
ðuð0Þmi;kkUð0Þmj þ uð0Þmi Uð0Þmj;kkÞDk2 þ    ; m ¼ 1; . . . ;3 no sum; i ¼ 1; . . . ;N; j
¼ 1; . . . ;N: ð18Þ
The last term in Eq. (18) involves a second-order terms. Provided thatDk is sufﬁciently small, this term can be neglected. As a
result, the assumed solution takes the following form:uom  ðuð0Þmi þ uð0Þmi;kDkÞðUð0Þmj þ Uð0Þmj;kDkÞ  umðxÞUmðyÞ; m ¼ 1; . . . ;3 no sum; i ¼ 1; . . . ;N; j ¼ 1; . . . ;N: ð19Þ
Note that Eq. (19) also takes the separable form of a product of a function of x and a function of y. Eeach of these components
is used as the initial ‘‘guess” (predictor) in the ﬁrst iteration of the MTEKM and for the numerical solution of the resulting
ordinary nonlinear boundary value problems of Eq. (17a) or Eq. (17b).
After convergence, the new direction vector of the equilibrium path at the new point k = k(0) + Dk, is obtained by differ-
entiating the one-dimensional operators of Eqs. (17a) and (17b) with respect to k at this new point as follows:oGxmj
oumi
oumi
ok
þ oGxmj
ok
¼ 0; m ¼ 1; . . . ;3 no sum; j ¼ 1; . . . ;N no sum; i ¼ 1; . . . ;N; ð20aÞ
oGymj
oUmi
oUmi
ok
þ oGymj
ok
¼ 0; m ¼ 1; . . . ;3 no sum; j ¼ 1; . . . ;N no sum; i ¼ 1; . . . ;N: ð20bÞEqs. (20a) and (20b) describe two sets of linear ordinary equations with variable coefﬁcients in terms of the unknown deriv-
atives of the displacements with respect to k (umi or Umi) and corresponding boundary conditions. Each of these problems is
solved for the unknowns oumi/ok = umi,k or oUmi/ok = Umi,k providing the functions requires for the assessment of the ‘‘predic-
tor”, Eq. (19). Alternatively, these derivatives can be obtained using a ﬁnite difference approximation in the following form:umi;k  umi  u
ð0Þ
mi
Dk
; m ¼ 1; . . . ;3 no sum; i ¼ 1; . . . ;N no sum; ð21aÞ
Umi;k  Umi  U
ð0Þ
mi
Dk
; m ¼ 1; . . . ;3 no sum; i ¼ 1; . . . ;N no sum ð21bÞ3.2. The pseudo-arc-length continuation scheme – the MTEKM application
The parameter continuation procedure fails to pass through turning points on the equilibrium path. To overcome this
obstacle, an arc-length continuation algorithm is required. Typically, arc-length continuation algorithms are applied to alge-
braic equations. In this section, the challenge of applying this concept directly to the partial differential equations under the
MTEKM framework is faced. The Keller/Riks pseudo-arc-length method for the solution of nonlinear algebraic problem (Kel-
ler, 1977; Riks, 1979) is adopted for the geometrical interpretation of the continuation procedure and its augmentation into
the functional space. The graphical illustration of Keller/Riks pseudo-arc-length continuation in the vector space is shown in
Fig. 4 (this geometrical interpretation may be considered as the equilibrium path at a speciﬁc point (x,y)). In the pseudo-arc-
length continuation, the parameter k (or its increment Dk) is considered as an additional unknown. The additional equation
is provided by the arc-length constraint, thus uo (a set of unknown functions) and k (an unknown scalar) are solved for simul-
taneously. The continuation procedure is then controlled by the incremental arc-length of the equilibrium path Dr.
Let (uð0Þo ,k(0)) be a solution that satisﬁes Eq. (14) and let the unit direction vector of the equilibrium path at this point be
fuð0Þo;r ; kð0Þ;r g. In this case, the components of the direction vector of the equilibrium path are deﬁned by derivatives with re-
spects to its arc-length, r. The predictor stage for the next point of the pseudo-arc-length continuation procedure generates
the following initial guess both for the unknowns uom and for the load factor k:
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k ¼ kð0Þ þ Drkð0Þ;r : ð22bÞIn the corrector stage of the procedure, the additional constraint in the functional space is given in the following integral
form:ðDu;DkÞ; uð0Þ;r ; kð0Þ;r
 D E
 Dr ¼ 0; ð23Þwhere h*, *i is the inner product operator. The geometrical interpretation of the pseudo-arc-length constraint in the vector
space is illustrated in Fig. 4. Expanding of the set of functions in the inner product of Eq. (23) yieldsZ Lx
0
Z Ly
0
ðuomuð0Þom;r  uð0Þomuð0Þom;rÞdxdyþ ðk kð0ÞÞkð0Þ;r ¼ Dr; m ¼ 1; . . . ;3: ð24ÞThen, after integration over the known functions, which are deﬁned in the preceding solution point (designated with a
superscript (0)), the arc-length constraint of Eq. (24) reduces toZ Lx
0
Z Ly
0
uomuð0Þom;r dxdyþ kkð0Þ;r  R ¼ 0; m ¼ 1; . . . ;3; ð25Þwhere the scalar R readsR ¼ Dr þ kð0Þkð0Þ;r þ
Z Lx
0
Z Ly
0
uð0Þomu
ð0Þ
om;rdxdy; m ¼ 1; . . . ;3 ð26ÞIntroducing the solution in the form of Eq. (16), and its derivative with respect to the parameter r, Eq. (25) becomesZ Lx
0
Z Ly
0
ðumjuð0Þmi;rUmjUð0Þmi þ umjuð0Þmi UmjUð0Þmi;rÞdxdyþ kkð0Þ;r ¼ R; m ¼ 1; . . . ;3; i ¼ 1; . . . ;N; j ¼ 1; . . . ;N: ð27ÞIn the extended Kantorovich method, the functions in the y-directions are ﬁrst assumed as known. As a result, the integration
with respect to y is performed explicitly yieldingZ Lx
0
umjsmj dxþ kkð0Þ;r ¼ R; m ¼ 1; . . . ;3; j ¼ 1; . . . ;N; ð28Þwhere smj is a known function of x only that readssmj ¼ uð0Þmi;r
Z Ly
0
UmjU
ð0Þ
mi dyþ uð0Þmi
Z Ly
0
UmjU
ð0Þ
mi;r dy
 
; m ¼ 1; . . . ;3 no sum; j ¼ 1; . . . ;N no sum; i ¼ 1; . . . ;N: ð29ÞEq. (28) deﬁnes an integral equation that is coupled with the set of governing nonlinear differential equations (11a)–(11c).
Thus, the system of differential–integral equations includes unknown functions umi (i = 1, . . . ,N, m = 1, . . . ,3) and an unknown
scalar, k. To allow a simultaneous solution for this unique system using standards techniques for nonlinear BVP (including
solvers available in software packages such as MAPLE or MATLAB) the integral–differential system is converted into a systemu0
λ
u0u0
(0)
λ(0)
λ
Δr
Δu0
(u0(0),r, λ(0),r)
(Δu0, Δλ)
Δλ
(u0, λ)
Fig. 4. Graphical illustration of Keller/Riks pseudo-arc-length continuation.
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tion f(x), and two additional differential equations that readk;x ¼ 0; ð30aÞ
f;x ¼ smjumj; m ¼ 1; . . . ;3; j ¼ 1; . . . ;N; ð30bÞand two additional boundary conditions that readf jx¼0 ¼ 0; ð31aÞ
f jx¼Lx þ kjx¼Lxk0;r ¼ R: ð31bÞThus, the augmented system of equations includes Eqs. (11a)–(11c), and (30a), (30b), the augmented set of unknown func-
tions includes umi (i = 1, . . . ,N, m = 1, . . . ,3), k, and f, and the augmented boundary conditions include Eqs. (12a)–(12d) and
(31a),(31b). Following the concept of the MTEKM, the same procedure is also applied in the y-directions and these iterations
are repeated until a convergence is achieved.
Upon convergence, the next direction vector is computed using the one-dimension operators of Eqs. (17a) and (17b) that
are obtained through the MTEKM procedure. Differentiation of these operators with respect to r yieldsoGxmj
oumi
oumi
or
þ oGxmj
ok
ok
or
¼ 0; i ¼ 1; . . . ;N; j ¼ 1; . . . ;N no sum; m ¼ 1; . . . ;3 no sum; ð32aÞ
oGymj
oUmi
oUmi
or
þ oGymj
ok
ok
or
¼ 0; i ¼ 1; . . . ;N; j ¼ 1; . . . ;N no sum; m ¼ 1; . . . ;3 no sum: ð32bÞNote that each of these two ordinary BVPs is solved separately. The derivatives with respect to r readumi;r ¼ umi;kk;r; m ¼ 1; . . . ;3; i ¼ 1; . . . ;N; ð33aÞ
Umi;r ¼ Umi;kk;r ; m ¼ 1; . . . ;3; i ¼ 1; . . . ;N: ð33bÞThe derivatives with respect to k (umi,k,Umi,k) are determined by solving Eqs. (20a) and (20b) (see Section 3.1). Yet, k,r is ob-
tained by differentiating the constraint equation of the pseudo-arc-length continuation, Eq. (24) with respect to r:Z Lx
0
Z Ly
0
ðuim;rUim þ uimUim;rÞðuð0Þjm;rUð0Þjm þ uð0Þjm Uð0Þjm;rÞdxdyþ k;rkð0Þ;r ¼ 1; m ¼ 1; . . . ;3; i ¼ 1; . . . ;N; j ¼ 1; . . . ;N: ð34ÞBy introducing Eqs. (33a) and (33b) with the derivatives umi,k and Umi,k from Eqs. (20a) and (20b) into Eq. (34), k,r readsk;r ¼ 1
Z Lx
0
Z Ly
0
ðuim;kUim þ uimUim;kÞðuð0Þjm;rUð0Þjm þ uð0Þjm Uð0Þjm;rÞdxdyþ kð0Þ;r
 
; m ¼ 1; . . . ;3; i ¼ 1; . . . ;N; j ¼ 1; . . . ;N:

ð35Þ
Alternatively, the components for the next direction vector function can be estimated numerically using a ﬁnite difference
approximationumi;r  umi  u
ð0Þ
mi
Dr
; m ¼ 1; . . . ;3 no sum; i ¼ 1; . . . ;N no sum:; ð36aÞ
Umi;r  Umi  U
ð0Þ
mi
Dr
; m ¼ 1; . . . ;3 no sum; i ¼ 1; . . . ;N no sum; ð36bÞ
k;r  k k
ð0Þ
Dr
: ð36cÞFor tracking the next point on the equilibrium path, the new direction vector is normalized, such thatkuo;rk2 þ k2;r ¼ 1; ð37Þ
where k(*)k2 denotes the Euclidean norm of the vector of unknown functions and it is deﬁned in the functional space askðÞk2 ¼ hðÞ; ðÞi1=2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃZ
A
ðÞmðÞm dA
s
;m ¼ 1; . . .3: ð38aÞBy taking advantage of the unique form of the MTEKM solution, Eq. (37) reduces toku;rk2 ¼
Z Lx
0
umi;rumj;r dx
Z Ly
0
UmiUmj dyþ
Z Lx
0
umiumj;r dx
Z Ly
0
UmjUmi;r dyþ
Z Lx
0
umi;rumj dx
Z Ly
0
UmiUmj;r dy

þ
Z Lx
0
umiumj dx
Z Ly
0
Umi;rUmj;r dy
1=2
;m ¼ 1; . . .3: ð38bÞ
I. Shufrin et al. / International Journal of Solids and Structures 46 (2009) 2075–2092 2085In order to verify the solution technique developed above, the continuation procedures are ﬁrst applied to a test problem. For
that propose, the solution for the two-dimensional Bratu–Gelfand problem, which exhibits a limit point behavior and thus
adopted in many cases as a benchmark problem (e.g. Glowinski et al., 1985), is presented next.
4. The Bratu–Gelfand benchmark problem
4.1. Problem statement
The Bratu–Gelfand problem in a unit square isuo;xx þ uo;yy þ keuo ¼ 0 on X : fx; y 2 0 6 x 6 1;0 6 y 6 1g with uo ¼ 0 on oX ð39Þ
The variational statement corresponding to Eq. (39) isZ 1
0
Z 1
0
ðuo;xduo;x þ uo;yduo;y  keuoduoÞdxdy ¼ 0: ð40Þ4.2. Multi-term extended Kantorovich method solution
According to the MTEKM, the solution readsuoðx; yÞ ¼
XN
i¼0
uiðxÞUiðyÞ  uiUi: ð41ÞIntroducing Eq. (41) into the variational statement of Eq. (40), assuming the function of y as known ﬁrst, integrating with
respect to y, integrating by parts with respect to x, and applying of the localization lemma of the variational calculus yield
a set of N nonlinear ordinary differential equations:ui;xx
Z 1
0
UiUjdyþ ui
Z 1
0
Ui;yUj;y dy k
Z 1
0
euiUiUj dy ¼ 0; i ¼ 1; . . . ;N ð42aÞand 2N boundary conditions:uijx¼0 ¼ uijx¼1 ¼ 0: ð42bÞ
The integration of the exponential terms in Eq. (42a) is performed here using the extended Newton–Cotes formulae for
numerical integration with equal space steps. Thus, Eq. (42a) is written asSð1Þij ui;xx þ Sð2Þij ui  kan bUjneuibUin ¼ 0; i ¼ 1; . . . ;N; n ¼ 1; . . . ;Np; ð43Þ
where Np is the number of the integration points, an is the weight coefﬁcients at each point, bUin and bUjn are values of func-
tion Ui and Uj, respectively, at the n-th integration point and S1,S2 are coefﬁcients that are deﬁned as follows:Sð1Þij ¼
Z 1
0
UiUjdy; S
ð2Þ
ij ¼
Z 1
0
Ui;yUj;y dy: ð44ÞEqs. (43) and (42b) deﬁne the ordinary differential operator Gx, (Eq. (17a)). The second operator, Gy, is obtained using the
similar procedure where the functions of x are assumed as known.
The two additional equations result from the arc-length constraint and follow Eqs. (30a) and (30b). For the solution in the
x direction (with the functions of y assumed known) they readk;x ¼ 0; ð45aÞ
f;x ¼ siui; i ¼ 1; . . . ;N; ð45bÞwhere si are deﬁned as follows:si ¼ uð0Þj;r
Z 1
0
UiU
ð0Þ
j dyþ uð0Þj
Z 1
0
UiU
ð0Þ
j;r ;dy
 
; j ¼ 1; . . . ;N: ð46ÞThe corresponding additional boundary conditions are given by Eqs. (31a) and (31b) with R deﬁned in the following
form:R ¼ Dr þ kð0Þkð0Þ;r þ
Z 1
0
uð0Þi u
ð0Þ
j;r dx
Z 1
0
Uð0Þi U
ð0Þ
j dyþ
Z 1
0
uð0Þi u
ð0Þ
j dx
Z 1
0
Uð0Þi;r U
ð0Þ
j dy; i ¼ 1; . . . ;N; j ¼ 1; . . . ;N: ð47ÞEqs. (43), (45a), (45b) and the boundary conditions, Eqs. (42b),(31a), (31b) deﬁne an ordinary boundary value problem in
terms of the N unknown functions ui and the unknown functions k and f, all functions of x. A similar procedure is conducted
01
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Fig. 5. Solution path of the Bratu–Gelfand problem on the unit square: k versus the value at the center of the unit square.
2086 I. Shufrin et al. / International Journal of Solids and Structures 46 (2009) 2075–2092for the solution in the y direction using the obtained functions ui as known. These iterations are repeated until convergence is
achieved. Upon convergence, the MTEKM iterations proceed to the next solution point. The predictor and the direction vector
for the next point are calculated in a similar way to the plate solution technique (see Section 3.2).
4.3. Numerical results and discussion
The results presented next are obtained using one to three terms in the series expansion. The solution of the resulting
nonlinear BVP is achieved using the numerical BVP solver available in MATLAB. The components of the direction vector
at each equilibrium point are obtained through the analytical approach (Eqs. (20) and (35)). Fig. 5 shows the solution path
for the peak value of uo at the center of the unit square. The results are compared with the results of Glowinski et al. (1985)
which are obtained using the least square formulation of the ﬁnite element method along with the classical pseudo-arc-
length continuation procedure. Good agreement between the results is observed along the whole solution path.
In order to study the convergence characteristics and the accuracy of the MTEKM solution in this case, the approximated
solution at the limit point (k = 6.805) is introduced back into the strong form of the problem given by Eq. (39). A relative error
surface of the approximation is deﬁned in the following form:eðx; yÞ ¼ uo;xx þ uo;yy þ ke
uo
keuo
: ð48ÞFig. 6 presents the relative error surface e(x,y), for one to three terms in the series expansion. It is seen that the single-
term formulation yields a relatively poor approximation. At the same time, the MTEKM converges rapidly. Although some
errors still exist along the boundaries of the square, the three-term expansion provides a reasonable accuracy for the solu-
tion within the rectangular domain. The singular errors that arise at the corners of the square are attributed to the homo-
geneous boundary conditions of the problem. At the corners the terms u0,xx and u0,yy vanish but the exponential term in
Eq. (39) attains the value of k. Thus, the localized relative error at the corners equal 1. This effect is inherent to this
problem.
The results presented above support the validation and demonstrate the applicability of the continuation approach devel-
oped here. Next, the MTEKM is applied to the nonlinear analysis of plates under combined out-of-plane and in-plane desta-
bilizing loads.5. Nonlinear stability of rectangular isotropic plates under combined out-of-plane and in-plane loads
The geometrically nonlinear response of rectangular isotropic plates under combined out-of-plane and in-plane loads is
studied numerically. Since, emphasis is placed on the inﬂuence of the in-plane loads, the load factor k is attributed to the in-
plane loads only, whereas the out-of-plane loads are constant and prescribed. In this case, the out-of-plane load only serves
to introduce a level of imperfection. The applied in-plane loads are normalized using the linear (primary bifurcation) buck-
ling load of the perfect plate that is also calculated using MTEKM (Shufrin et al., 2008a) and it is designated as kcr. Additional
Fig. 6. The relative error (Eq. (49)) in satisfying the strong form of the Bratu–Gelfand problem on the unit square by the MTEKM: (a) N = 1, (b) N = 2, and (c)
N = 3.
I. Shufrin et al. / International Journal of Solids and Structures 46 (2009) 2075–2092 2087points of bifurcation as well as the characterization of the equilibrium/bifurcation points with or without the symmetry
breaking imperfection are not addressed here but considered for future research. Poisson’s ratio is taken as 0.3 in all exam-
ples. In the continuation procedure, the components of the direction vector at each equilibrium point are obtained numer-
ically using Eqs. (21) and (36a)–(36c). The deﬂections and out-of-plane loads are presented in a dimensionless form as
follows:Q ¼ qL
4
y
Eh4
; ð49aÞ
W ¼ wo
h
: ð49bÞFirst, the semi-analytical approach is applied to the nonlinear stability analysis of the rectangular aluminum plate under
unidirectional compression that was experimentally studied by Stein (1959). The theoretical model of Stein’s post-buck-
ling test consists of a rectangular plate that is simply supported along the longitudinal (unloaded) edges and clamped
along the loaded ones. At the same time, all edges are restraint in the normal in-plane direction and they are free in
the tangential in-plane direction. Using the notation of Section 2.1, these conditions are designated as C4C2S2S2. The aspect
ratio of the plate is Lx/Ly = 5.38. The initial imperfection is given by a uniformly distributed out-of-plane load. The nonlin-
ear load-end-shortening curve obtained analytically is compared with the experimental results in Fig. 7. The analysis is
carried out using a single-term expansion of the MTEKM. It is seen that the MTEKM solution is in the good agreement
with the experimental data. The presented continuation procedure capture the ﬁrst limit point (mode-jumping) at k/
kc = 0.9406, which is observed experimentally at k/kcr = 0.9532 (see Fig. 7), but then it fails to track the equilibrium path
through the second limit point. In general, the differences between the analytical and the experimental results do not ex-
ceed 7%.
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Fig. 7. Theoretical (MTEKM) and experimental (Stein, 1959) equilibrium paths (load vs. dimensionless end-shortening).
2088 I. Shufrin et al. / International Journal of Solids and Structures 46 (2009) 2075–2092Next, the inﬂuence of the out-of-plane load on the nonlinear stability of rectangular plates subjected to a destabilizing in-
plane load is studied. The nonlinear load–deﬂection paths for S2S4S2S4 square plate subjected to bi-directional compression
and to a uniformly distributed out-of-plane load is studied in Fig. 8. The level of the dimensionless out-of-plane load (imper-
fection) varies from Q = 0.05 to Q = 5, which is equivalent to an initial geometrical imperfection with the peak central deﬂec-
tion ranging from 0.2% to 20% of the plate thickness. Following the convergence study that was presented in Shufrin et al.
(2008b), two terms in the series expansion are used to achieve reasonable accuracy in terms of displacements. The results
reveal that the plate exhibits a similar behavior in the two cases of relatively small out-of-plane loads. Under moderate levels
of compression (k/kcr > 1.1) the solution paths for Q = 0.5 and Q = 0.05 coincide.0
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Fig. 8. Equilibrium paths (level of compression versus dimensionless central deﬂection) for S2S4S2S4 square plate subjected to bi-directional compression
and various levels of out-of-plane loading.
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Fig. 9. Loading and boundary conditions of rectangular plates subjected to combined in-plane and out-of-plane loads.
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I. Shufrin et al. / International Journal of Solids and Structures 46 (2009) 2075–2092 2089The nonlinear stability of rectangular plates with simply supported out-of-plane boundary conditions subjected to com-
pression in their long direction is studied next. The plate and the two types of in-plane boundary conditions along the un-
loaded edges appear in Fig. 9. The plate aspect ratio is Lx/Ly = 2.0 and dimensionless magnitude of the uniformly distributed
out-of-plane load is Q = 0.5. The solution is obtained with two terms in the series expansion of the MTEKM. The non-dimen-
sional load–deﬂection paths (compression versus out-of-plane deﬂection) for S4S4S3S3 rectangular plates with ﬁxed in-plane
boundary conditions along the unloaded edges (case 1) are shown in Fig. 10. It seen that in this case, the plate exhibits a
highly nonlinear behavior and turning points appear along the equilibrium path (Points B and C). To study the behavior
of the plate at these points, the contour plots of the out-of-plane deﬂection surface at point A (where k = kcr) and at the turn-
ing points (B) and (C) are shown in Fig. 11. These ﬁgures clearly show the change of the deﬂection modes along the equilib-
rium path.
The nonlinear equilibrium path of the S4S2S2S2 rectangular plate subjected to compression in the long direction (case 2) is
shown in Fig. 12. The plate has sliding in-plane supports along the unloaded edges. In this case, a more complicated limit
point type of behavior is observed. The presence of snap-through turning points (Points C and D) indicates the occurrence
of mode jumping. In order to clarify this phenomenon, the contour maps of the deformation surface are plotted at points
A to F of the equilibrium path in Fig. 13. These ﬁgures show that the deﬂection pattern smoothly changes along the equilib-
rium path until the limit point D. The plate mode shifts from a two-wave mode to a three-wave one from point D to point F,
which are both observed under the same level of load.
Fig. 11. Contour maps of the deformation surface for S4S4S3S3 isotropic rectangular plate under compression in the longitudinal direction (case I, Lx/Ly = 2):
(a) k/kcr = 1.0, (b) k/kcr = 1.238, (c) k/kcr = 2.5.
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Fig. 12. Equilibrium paths (level of compression versus dimensionless deﬂections at points 1 and 2) for S4S2S2S2 rectangular plate subjected to uni-
directional compression and a uniform out-of-plane load (case II).
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Fig. 13. Contour maps of the deformation surface for S4S2S2S2 isotropic rectangular plate under compression in the longitudinal direction (case II, Lx/Ly = 2).
I. Shufrin et al. / International Journal of Solids and Structures 46 (2009) 2075–2092 2091All these examples evidently conﬁrm the ability of the presented semi-analytical model to qualitatively and quantita-
tively predict the geometrically nonlinear behavior of plates subjected to destabilizing in-plane loads. The developed con-
tinuation procedures allow the tracking of the highly nonlinear equilibrium path which consists of limit points of various
types.6. Conclusions
A general semi-analytical solution for the elastic nonlinear stability analysis of rectangular plates with general boundary
conditions and subjected to combined out-of-plane loads and in-plane loads has been developed. The continuation proce-
dures for tracking the nonlinear equilibrium path of plates under destabilizing in-plane loads has been derived for the mul-
ti-term extended Kantorovich method. The pseudo-arc-length continuation scheme, which is commonly used for the
solution of descretized structural systems governed by nonlinear algebraic equations, has been developed here for the space
of functional unknowns. The boundary value problem that consists of the differential and integral equations has been refor-
mulated in a form that allows the use of standard numerical solvers.
The applicability of the proposed method to the solution of general nonlinear boundary value problems with a parameter
has been demonstrated through the solution of the Bratu–Gelfand benchmark problem. Numerical examples of the nonlinear
stability analysis of plates subjected to in-plane loads have demonstrated the ability of the method to track a highly nonlin-
ear solution path. The capability of the presented approach to capture the mode-shifting phenomenon for compressed plates
has also been demonstrated and compared to experiments.
2092 I. Shufrin et al. / International Journal of Solids and Structures 46 (2009) 2075–2092The semi-analytical approach presented here, and its applicability to the solution of general nonlinear 2D boundary value
problems, open the way to the analysis of many types of structural problems. In particular, it takes an important step toward
the semi-analytical solution of 2D nonlinear boundary value problems that exhibit a limit point type of behavior.
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